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Abstract

Classical joint modeling approaches often rely on competing risks or recurrent
event formulations to describe complex processes involving evolving longitudi-
nal biomarkers and discrete event occurrences, but these frameworks typically
capture only limited aspects of the underlying event dynamics.

We propose a general multi-state joint modeling framework that unifies lon-
gitudinal biomarker dynamics with multi-state time-to-event processes defined
on arbitrary directed graphs. The proposed framework accommodates arbi-
trary directed transition graphs, nonlinear longitudinal submodels, and scalable
inference via stochastic gradient descent. This formulation encompasses both
Markovian and semi-Markovian transition structures, allowing recurrent cycles
and terminal absorptions to be naturally represented. The longitudinal and
event processes are linked through shared latent structures within nonlinear
mixed-effects models, extending classical joint modeling formulations.

We derive the complete likelihood, establish conditions for identifiability, and
develop scalable inference procedures based on stochastic gradient descent to
enable high-dimensional and large-scale applications. In addition, we formulate
a dynamic prediction framework that provides individualized state-transition
probabilities and personalized risk assessments along complex event trajectories.
Through simulation and application to the PAQUID cohort, we demonstrate
accurate parameter recovery and individualized prediction.

Keywords: joint modeling, multi-state processes, longitudinal data, survival analysis,
stochastic gradient descent, dynamic prediction



1 Introduction

Joint modeling of longitudinal and time-to-event data has become an essential tool
of modern biostatistics [27], particularly for dynamic prediction in clinical applica-
tions. Classical joint models typically couple a longitudinal biomarker process with a
single time-to-event outcome [31], allowing for the integration of biological knowledge
and individual heterogeneity via shared latent structures. However, many real-world
processes involve multiple possible outcomes, intermediate stages, or recurrent events,
which cannot be fully captured by a single-event framework [20]. In such settings,
multi-state models provide a more flexible approach [14].

Multi-state models represent an overall joint process of clinical course as a series
of discrete stages or health states that occur sequentially [25]. In biostatistics, these
models are widely used for survival and reliability analysis, allowing for a richer and
more accurate representation by capturing alternative paths to an event of interest,
intermediate events, and progressive disease. Key components of multi-state models
include transition intensity functions, which denote the instantaneous risk of moving
from one state to another, and transition probability functions, which describe the
probability of transition over longer intervals. Often, these models assume the Markov
property, where future transitions depend only on the current state, simplifying the
transition intensity functions [3].

The Markov assumption can be relaxed by adopting a semi-Markov formulation,
in which the transition probabilities depend not only on the current state but also on
the sojourn time, effectively resetting the time scale after each transition.

The link between multi-state models and joint models arises when a multi-state
process is integrated as a component within a broader joint modeling framework .
While multi-state models, such as those described in the “sequential state framework”
primarily focus on movements between discrete states, joint models operate under a
“parallel trajectory framework” that combines a longitudinal process with a time-to-
event process.

The model proposed by Ferrer et al. [14] exemplifies this link by presenting a joint
model for a longitudinal process (e.g., Prostate-Specific Antigen (PSA) measurements)
and a multi-state process (e.g., clinical progressions in prostate cancer). These two sub-
models are interconnected by shared random effects, allowing the model to account
for the correlation between the continuous longitudinal biomarker trajectory and the
discrete transitions between health states.

The model we propose operates on an arbitrary directed graph, enabling repre-
sentation of complex state transitions and recurrent events. We derive the complete
likelihood for the nonlinear joint model, introduce an efficient stochastic approxima-
tion inference method, and develop dynamic prediction tools. To illustrate its practical
relevance, we conduct both a simulation study and a synthetic biomedical case study.

This paper is organized as follows. Section 2 reviews the background on multi-state
and joint modeling frameworks. Section 3.2 introduces the proposed general multi-
state joint modeling framework, detailing the likelihood formulation and identifiability
conditions. Section 4 describes the stochastic-gradient—based inference algorithm,
while Section 5 presents the dynamic prediction framework. Section 6 reports sim-
ulation experiments that assess parameter recovery, identifiability, and convergence



properties of the proposed model, and Section 7 applies the framework to data from
the PAQUID cohort. Finally, Section 8 concludes with perspectives and future research
directions.

2 Background

Joint modeling of longitudinal and time-to-event data provides a unified statistical
framework to analyze the interplay between continuous biomarker dynamics and event
occurrence processes. In its classical form, this framework couples a mixed-effects
model describing individual biomarker trajectories with a survival model for event
times [31]. Such models have become central in biomedical research, particularly for
dynamic prediction and personalized risk assessment [27]. However, these traditional
joint models generally focus on a single terminal event, limiting their ability to repre-
sent more complex event histories that include intermediate, recurrent, or competing
events. To address these limitations, multi-state extensions have been developed, pro-
viding a natural framework for describing transitions between multiple clinical or
biological states over time [14, 20].

2.1 Multi-State Markov Processes

A multi-state stochastic process is defined as a process S(t) for t > 0, where S(t) can
take a finite number of values (states), often labeled 1,2, ...,p. Quantities of interest
typically include the probability of being in a certain state at a given time and the
distribution of first passage times.

A Markov process (or continuous-time Markov chain) is a specific class of multi-
state models in which future transitions between states depend only upon the current
state. This Markov property means the process is memoryless. A key consequence is
that the duration spent in any state follows an exponential distribution, implying a
constant hazard rate for leaving that state [18, 29].

However, the Markov assumption can be unrealistic in many real-world applica-
tions. For example, in the study of human sleep stages, sojourn times often do not
follow an exponential distribution [11, 35|, and in the case of chronic diseases such
as AIDS, the risk of disease progression can depend on the time elapsed since infec-
tion [2]. To address these limitations, semi-Markov processes (SMPs) were introduced,
which allow for arbitrary distributions of sojourn times while retaining the Markov
property for the embedded discrete-time chain. This flexibility makes SMPs suitable
for modeling complex disease progression and patient recovery scenarios [29].

2.2 Multi-State Semi-Markov Processes

Multi-state semi-Markov processes (MSMPs) offer a natural generalization by allowing
the distribution of sojourn times to be arbitrary.

In an MSMP, the process is defined by a directed graph G = (V, E), where V
represents the set of states and F the set of possible transitions. The transition inten-
sities Ak (t | to) from state k to state k" at time ¢, given entry time ¢y are therefore
assumed to be non-identically zero. The sojourn time in state k£ is not restricted to



an exponential distribution, allowing for more realistic modeling of the time spent in
each state.

MSMPs have been widely applied in a range of disciplines. In reliability, they
are used to modeling degradation and repair processes [24]. In biomedical studies,
they have proven useful for analyzing illness-death models or disease progression with
non-exponential transitions [7, 15]. Applications in finance also exist, where semi-
Markovian dynamics can model credit rating migrations or economic regimes [26]. In
these contexts, MSMPs retain the Markov property in the embedded jump chain while
offering increased realism through flexible dwell time modeling.

From a methodological standpoint, MSMPs extend estimation strategies devel-
oped for Markov models, such as maximum likelihood or Bayesian inference, and can
accommodate interval-censored or misclassified data [16]. This makes them a powerful
and general tool for multi-state event history analysis.

While both joint models and multi-state models offer powerful tools, they primar-
ily address different facets of disease progression and have complementary strengths.
Multi-state models excel at understanding the sequence and timing of discrete events,
while joint models are adept at modeling continuous biomarker trajectories and their
associations with event outcomes for dynamic prediction. The complexity of real-world
diseases often necessitates a more integrated approach that can leverage the strengths
of both frameworks. For instance, in prostate cancer, multiple types of relapse may
occur successively (a multi-state process), and their risk is influenced by the dynamics
of longitudinal biomarkers like PSA.

2.3 Joint Models and Multi-State Processes

Previous research has initiated such integration, with models like the one proposed
by Ferrer et al. [14], which combines a linear mixed sub-model for longitudinal data
with a multi-state sub-model using shared random effects. This model enables the
simultaneous analysis of repeated measurements of a biomarker (the longitudinal pro-
cess, e.g., PSA levels) and the times of transitions between multiple health states (the
multi-state process). It explicitly accounts for the link between these two correlated
processes and uses information from the biomarker dynamics to explain or predict
clinical progression events. The multi-state sub-model assumes a non-homogeneous
Markov process for the clinical progression, meaning that the future of the process
depends only on the current state (Markov property) and the time elapsed since study
entry (non-homogeneous property).

Although Ferrer et al. [14] note that their joint modeling framework could be
adapted to semi-Markov processes in other contexts, their primary application to
prostate cancer progression assumes a non-homogeneous Markov multi-state process.
However, this framework is not well suited for arbitrary transition patterns other than
the ones modeled by DAGs.

While both joint models and multi-state models offer powerful tools for analyzing
disease progression, they emphasize different aspects of the underlying process. Multi-
state models capture the sequence and timing of discrete transitions between states,
whereas joint models focus on the evolution of continuous longitudinal markers and
their association with event risk. Existing joint multi-state models, such as that of



Ferrer et al. [14], are restricted to linear mixed-effects submodels and to acyclic Markov
transition graphs, as their likelihood relies on a sequential factorization that is not
valid when transitions form cycles. However, many biological processes involve cyclic or
semi-Markov transitions and nonlinear biomarker dynamics. These cannot be handled
by existing frameworks, motivating the present general formulation.

In contrast, many real-world processes—such as recurrent disease relapse or recov-
ery—require more flexible representations involving nonlinear biomarker dynamics,
semi-Markovian dependencies, and recurrent cycles. The next section introduces a
general framework that integrates these features within a unified likelihood-based for-
mulation, enabling efficient inference and dynamic prediction along complex event
trajectories.

3 A General Multi-State Joint Modeling Framework

Classical joint models typically link a longitudinal biomarker process to a single
time-to-event outcome. While effective for terminal events, this design cannot rep-
resent more complex disease trajectories involving intermediate or recurrent events.
To address these limitations, we extend the nonlinear joint modeling framework to
incorporate a multi-state process, thereby enabling a unified analysis of longitudinal
biomarkers and discrete transitions between multiple health states.

The proposed model defines a joint process {Y;(t), Si(t) }+>0, where Y;(¢) denotes
the longitudinal biomarker trajectory and S;(¢) the multi-state event process. Both
components are linked through shared latent structures, and the event process is
represented on an arbitrary directed graph supporting both Markovian and semi-
Markovian transition mechanisms.

3.1 Notation Conventions

Throughout this section, ¢ = 1,...,n indexes individuals, and ¢;; denotes the j-th
observation time of individual i. The vector Y;; € R¢ represents longitudinal biomarker
measurements, and X; € RP the associated covariates.

The latent random effects b; ~ N(0,Q) capture individual heterogeneity, while
v; = f(v, Xy, b;) denotes the subject-specific parameters in the longitudinal submodel.
The filtration H;(t) represents the observed history of the longitudinal process up to
time t.

Transition times and states are denoted by (T}, Si¢), with right-censoring time
C;. We also define the index of the last observed transition before time ¢ denoted by
ma(t) = sup{l > 0: Tyy < t}.

3.2 Extending Multi-State Joint Models

Joint models traditionally focus on a single time-to-event outcome, which limits their
ability to represent complex disease trajectories involving multiple intermediate and
recurrent events. To address this limitation, we extend the classical nonlinear joint
modeling framework to incorporate multi-state processes, enabling the joint analysis
of longitudinal biomarkers and transitions between multiple health states. This is



achieved by introducing a directed graph structure encoding all permissible transitions
and supports both Markov and semi-Markov assumptions.

3.2.1 Graph Structure

Let G = (V, E) be a directed graph, where V' = {1,...,p} denotes the set of states
and E C V x V the set of admissible transitions. The graph encodes all possible paths
of the multi-state process, allowing for competing, recurrent, or absorbing transitions.
Figure 1 illustrates an example of a four-state model including an absorbing state
(Death). The corresponding adjacency matrix A = (Agg) 1<k, w<|v| satisfies App =1
if (k, k') € E and 0 otherwise.

Lung cancer (2) '« Remission (3)

Fig. 1: Example of a 4-state transition graph G = (V| F), including an absorbing
state (4).

Healthy (1)

Such a representation generalizes standard joint models, which can be recovered as
special cases: single-event (linear chain), competing-risks (two absorbing transitions),
or recurrent-event settings (cyclic transitions) as illustrated in Figure 2.

Competing Risks

Standard Risk

[ Healthy H Dead ’

Recurrent Risk

Asthma Attack -

Forest Fire

Fig. 2: Tllustration of classical joint modeling approaches: (left) standard risk, (middle)
competing risks, and (right) recurrent risk.

Such joint modeling offers a flexible framework that extends beyond classical
approaches and is particularly useful in medical applications.

3.2.2 Individual Trajectories

Each individual 7 follows a latent trajectory

T = ((Tho, Sio), (Ti1, Si1), (T2, Siz), - - - ),



where T;; denotes the ¢-th transition time and S;; € V the corresponding state. The
observed trajectory is right-censored at time C;, so that only {(Ti¢, Si¢) : Tie < C;} is
observed. Between transitions, the state S;(t) is piecewise constant. We note m;(t) ==
sup{¢ > 0 : T;p < t} the index of the last observed transition before time t and

The process is assumed to satisfy a (possibly time-inhomogeneous) semi-Markov
property

L((Ties1, Siverr) | {(Toer, Sio)Yor<i) = L ((Th 041, Sives1) | (Ties Sie)) s (1)

which is relaxed compared to a stricter Markov property by allowing sojourn-time
dependence.

3.2.3 Transition Intensities and Survival Functions

For any admissible transition (k,k') € E, let )\f lk(t | to) denote the instantaneous

risk of moving from k to k' at time ¢, given entry time ¢

P(T; 041 <t+0,Si041 =k | Tiox1 > t,Tip = to, Sue = k)
5 )

K|k .

AT (o) = lim
i (t]to) = lim
The cumulative intensity and the corresponding survival function are

t
AR )y = [ AR | o) dw,
to

P(Tie1 >t Tie, Sue) = exp | — > AJ5(¢ | Typ)
s:(Sie,8)EE

Conditional transition probabilities are

AFISie 1T,
P(Sie41 =k | 041, Tie, Sie) = i (T | Toe) .

s|S;
D 5:(Sie,s)EE NIS(T 0y | Tog)

3.3 Multi-State Joint Model Specification

The proposed multi-state joint model with Gaussian prior and homoscedastic Gaussian
noise is specified by:

Yij = h(tij, ¥i) + €55, €5 ~N(0,R),
1/)i = f(’Y?XMbZ)a bl ~ N(O7Q)a

M| X, Ty Ha(8)) = A5 (| T ey) exp (¥ F g 8 (8, X, 05) + B X)),

|k

Here, h and f define the nonlinear mixed-effects submodel, gk, represents the

link between biomarker dynamics and the transition intensity, and )\IS ¥ denotes the



baseline hazard associated with transition (k — &’). This structure extends the classi-
cal joint model to arbitrary directed graphs and to both Markovian and semi-Markov
specifications. The coefficient o'k quantifies the effect of the longitudinal biomarker
dynamics on the instantaneous risk of transitioning from state k to state k’. More con-
cretely, for a one-unit increase in gk/“‘”'(t, X, ;) (holding other covariates constant),
the hazard ratio for transition (k — k') is exp(o*'I¥). Likewise, 8% I¥ represents the
effect of baseline (or time-varying) covariates X; on that same transition: a one-unit
increase in a covariate X;; multiplies the hazard by exp(ﬂfllk). Thus, o' I¥ captures
the degree to which the biomarker trajectory (via its latent parameter ; or function
g’“'|k) influences the transition risk, while ﬁk"k captures the direct effect of covariates

on that transition’s risk, beyond the biomarker pathway.

3.3.1 Model Variants

Two baseline hazard conventions are common:

K|k _ Agl‘k(t — Tim,(t)) (clock reset),
)\O (t | Tlml(t)) = K|k
Ao (2) (clock forward).

The clock-reset form models risk as a function of time spent in the current state,
whereas the clock-forward form measures risk with respect to global time since study
entry.

3.3.2 Likelihood Formulation

To derive the marginal likelihood, we decompose the joint distribution of the longi-
tudinal and multi-state processes under a set of standard conditional independence
assumptions detailed in Table 3.3.2 below.

Assumptions for Likelihood Factorization

A. Latent-level independence
A1l. Random effects (b;); are mutually independent across individuals.

B. Conditional independence within individuals
B1. Longitudinal observations (Y;;);; are mutually independent given b;, X;.
B2. Trajectories (7;*); are mutually independent given b;, X;.
B3. Conditional on b;, X;, the longitudinal and event processes are mutually
independent.

C. Censoring and process assumptions

C1. Censoring times (C;); are mutually independent and noninformative, i.e.
Ci 1L (Y3, Ty | b, X;i.

C2. Conditionally on b;, X;, event trajectories satisfy the semi-Markov
property 1: p(T;* | b, Xi) = [1p50 P (Tie41, Sise1) | Tie, Sie, biy Xi).-




These grouped assumptions mirror those used in classical joint modeling [31]
and multi-state survival analysis [29]: independence across subjects; the conditional
independence structure linking the longitudinal and event submodels through shared
random effects; noninformative censoring and (semi-)Markovian dynamics.

Let 0 = (v,Q, R, a, B) denote the vector of model parameters. For subject i, we
observe the longitudinal measurements Y; = (Y;1,...,Ys,,) and the event trajectory
Ti = {(Tie, Sie)o<t<m, }- The joint likelihood then factorizes as

p(Y;, Ti | Xi,Ci,0) = /p(Yi | bi, Xi,0) p(Ti | bs, X, Cy,0) p(b; | 0) dby,

where b; are individual random effects. This formulation generalizes the joint like-
lihoods of Wulfsohn and Tsiatis [38] and Ferrer et al. [14] to arbitrary multi-state
event structures. Each part can then be explicitely expressed using Assumptions 3.3.2,
yielding an expression very similar to that obtained by Rizopoulos [31].

Prior likelihood:

(2m)~a/2
bj|0) = ———

Longitudinal likelihood:

exp (—3b; Q')

2 2 —d/2
0 5,0 0) = T s xm (=3 0 = g ) R (0 ).
j=1

with ¥; = f(v, Xi, b;).

Semi-Markov likelihood:

mi—l

p(7; ‘ bi7 Xi7 Ci7 9) = H P ((E(l—i—l)a S’i(l+1)) | biu X’iu (Tlila S’Ll)ae)
=0

(2)
K'|Sim,
P~ Z AZ l(CZ ‘ blaXmszl;e)
5:(Sim;,8)EE

The proof of the expression of the Semi-Markov likelihood (2) is provided in
Appendix B.

The likelihood factorization above is valid and forms the basis for scalable inference
procedures described in Section 4, leveraging the complete trajectory of biomarkers
to refine predictions of transitions and survival [10].

Moreover, here, we assume that the initial state S;o is observed. However, the
framework could also incorporate a multinomial model for unobserved initial states

[39).



3.4 Model Selection and Information Criteria

To compare competing model specifications, we rely on information criteria based
on the marginal likelihood as defined in Section 4. The Akaike Information Criterion
(AIC) [1] and the Bayesian Information Criterion (BIC) [36] are standard tools. While
the AIC relies on an asymptotically unbiased estimator of the log-likelihood, the BIC
aims to identify the true model with great probability as the sample size grows.

The Akaike Information Criterion is computed as follows

AIC = 72 10g Lmarginal(é; X, K 7-7 C) + 2k7

where k is the number of parameters, and 0 is a maximizer of the marginal likelihood.

The Bayesian Information Criterion is similarly defined but imposes a stronger
penalty for model complexity, growing in logn where n is the number of observations.
Particularly in the context of mixed effects models, and even more so for multi-
state joint models, the number of observations m may vary from one definition to
another, either the total number of repeated measurements or the number of individu-
als [9]. To alleviate this problem, we recall the derivation of the BIC from the Laplace
approximation [22]. For a prior distribution 7 on a set of models M, the Laplace
approximation approaches up to constant terms which could also be accounted to
improve the approximation, the posterior probability given observed data x defined
in Section 4 by

A 1
Ym € M, log p(x | m) =~ log Lmarginal (0; ) — 3 log det(—Hp),
where Hj denotes the Hessian matrix of the marginal log-likelihood evaluated at the

Maximum Likelihood Estimator (MLE). Then, under standard regularity conditions
that allow differentiation and integration to be interchanged twice, we have that

where Z(0) denotes the Fisher Information Matrix [6]. Given a reliable estimate f(é)
of the Fisher Information Matrix (see, e.g., Delattre and Kuhn [8]), we can then
approximate the BIC by substituting this estimate

~ 1 A A
Vm € M, logp(z | m) = log Limarginal (05 ) — 3 log det Z,,(6),

where fn(é) = nf(é), which in practice corresponds to the matrix readily computed
by our software.
Thus, our BIC criterion can be written as

BICz = —2log Emarginal(é; x) + log det fn(é)

In both cases, one should aim at minimizing the chosen criterion.

10



4 Statistical Inference

The estimation of model parameters § = (v, Q, R, a, 8) relies on two likelihood for-
mulations: the complete-data likelihood Lcomplete, Which includes latent variables, and
the marginal likelihood Larginal, obtained by integrating them out

ﬁmarginal(a; X, K Ta C) = /‘ccomplete(e; Xa Y7 Ta Ca b) dba

where

n

ﬁcomplctc(a;X; Y7 Ta Ca b) = HP(Y; | bzaXZ’e)p(,E ‘ ble“Claa)p(bl | 9)

i=1

It is to be noted that this integral is typically intractable in closed form due to the
nonlinear nature of the model, necessitating numerical approximation methods such
as Monte Carlo integration or Laplace approximation.

Several optimization methods adapted from the nonlinear mixed-effects literature
can be applied, including Stochastic EM [21], Laplace approximation [37], Gauss-
Hermite quadrature, stochastic gradient ascent with Robbins—Monro updates [34], and
MCMC-based approximations such as Metropolis-Hastings and Hamiltonian Monte
Carlo. These strategies are implemented in software such as JMBayes [33, 32].

Another approach requiring mild regularity assumptions on the log marginal like-
lihood, but without the need for the model to belong in the exponential family, is to
consider a stochastic gradient ascent scheme [5, 4] using Fisher’s identity and following
the Robbins-Monro procedure [34].

Under interchangeability of integral and differentiation, setting © = (X,Y,T,C)
for convenience, the Fisher identity writes

Vo 10g Emarginal(e; QZ’) = ]Ebwp(~|$,9) (VG 1Og Ecomplete (9, z, b)) .

This expectation is approximated using Monte Carlo samples from the poste-
rior p(- | «,0), avoiding the need to evaluate the intractable marginal likelihood
Lmmarginal(#; ). This formulation naturally supports stochastic gradient ascent with
MCMC-based posterior sampling and is amenable to minibatch parallelization across
individuals, ensuring the convergence to a critical point. The update rule is as follows:

11



Algorithm 1 Stochastic gradient ascent model inference

Input: data z; initial parameter 0(%); step sizes (1;);>0 with Yoo =400, Y, ni <

+00; batch size K; sampler pi\/ICMC; stopping criterion.

1: while not converged do

2 Draw by ~ p(- | x,0,) ~ pMEMC,

3: 9(t+1) — 0(1‘/) + % Zle vﬂ 10g Ecomplctc(e(t); z, bk)
4: end while

5

. return 6

Preconditioning matrices may also be used, such as the Fisher Information Matrix
in a natural gradient descent framework, or even specialized optimizers such as Adam
[19], NAdam [12] or Adagrad [13]. In particular, the Adam optimizer will later be used
in our numerical experiments.

5 Dynamic prediction

The simulation of individual trajectories using Algorithm 2 enables prediction in the
multi-state joint modeling framework. Specifically, predictions are derived from simu-
lated event trajectories, allowing for individualized risk assessment and forecasting of
future states or event times based on a subject’s observed biomarker and event history.
This approach generalizes classical dynamic prediction by leveraging the rich structure
of multi-state processes and the joint distribution of longitudinal and event data.

Suppose we are interested in some functional of the true (unobserved) future
trajectory,

X'(T;") €Y,

where Y is some generic space.

For example, one can think of the state taken by the individual i at a time u.
As is the case in traditional dynamic prediction however, we are only interested in
predicting quantities or characteristics that depend on a yet unobserved future, given
prior information, i.e. the trajectory up to some prediction time ¢ < u and observed
longitudinal markers. Contrary to (single transition) joint models, the conditional
probability distribution on (R x S) cannot be analytically derived.

Nonetheless, as seen in Algorithm 2, we are able to accurately simulate each tra-
jectory. Therefore, a Monte Carlo estimation scheme may be devised under certain
restrictions, where we estimate x*(7,*) by its expected value:

B
. X 1 o p(k k) Lid. N
= Erpmz(repo.mn 0T = 5 3 X (T, T 2(T | v, T,
k=1
In general however, x* may very well depend on (countably) infinitely many transi-

tions. As a result, since the proposed estiamtion relies on simulted samples, we require
the quantity to depend only on a finite subset of transitions.

12



Assumption 1. Assume there exists x : |J,~, (R X S)* =Y and 7; a stopping time
for the filtration Fip, = o ((Ti, Si)o<i<n) such that:

7; < +00 a.s.,
X(T) = x (T, Sa)1<i<;)

Essentially, given Assumption 1, with probability one we are guaranteed that the
quantity of interested may be computed in a finite number of simulation steps. Indeed,
the prediction algorithm for a single sample may be summarized as follows:

Input: ¢ € R, a prediction time; Y(¢) marker history; 7; trajectory up to time ¢; x
and stopping time 7;.

n<+0

while n < 7; do
Append simulated (T}, S;i,) to 7; if n > len(7T;)
n<n+1

end while

return x(7;)

A A L

Numerous quantities of interest may be encompassed by this framework. We give
multiple examples below. First, for a directed acyclic graph G = (V, E), we define the
depth of G, denoted by depth(G), as the length of the longest directed path in G, that
is,

depth(G) = max k,

(V0,01 5-+,VK)

where (vg,v1,...,v) ranges over all directed paths in G.

Example 1 (State at time u). Let G = (V, E) be a directed acyclic graph, u € R
be a fized time, and Y =V be the set of possible states. Let T, = inf{n € N : T, >
w or Sy, is absorbing}. Clearly, 7; < depth(G) < +oo. Then, take x5:(T*) = Sir,,
which corresponds to the state of the individual i at time u. In particular, if V.= {0,1}
and E = {(0,1)}, we recover the special case used for survival probability estimation
in standard joint models [30].

Example 2 (Hitting time). Let G = (V, E) be a directed acyclic graph, A CV a non-
empty subset of states, and Y = RU {+o0}. For any two non-empty sets A, B C V,
we note A ~~ B if there exists a path from A to B in G. Let 7; = inf{n e N: S}, €
AV{Sin} # A}. Then, 7; < depth(G) < 400 and take x;(T;*) = Tir, +1¢s,,1.44(+00)
represents the hitting time for the set A.

In Example 1, the stopping time 7; captures the step at which the process for
individual 7 reaches or exceeds a given time wu, or enters an absorbing state. The

13



resulting value x*(7;*) = S;r, therefore represents the state of the individual at that
specific time.

In Example 2, the stopping time 7; corresponds to the first time the process reaches
a target subset of states A, or becomes unable to reach it in the future. The associated
value x i (7.%) thus represents the hitting time of the set A, which may be finite if A is
reached, or +o00 otherwise.

Other practical applications may include finding the expected number of edges in
some given trajectory, the number of times an individual has returned in a specific
state, the expected time between transitions. ..

This simulation-based dynamic prediction framework generalizes classical
approaches from single-event joint models to the multi-state context. It enables indi-
vidualized forecasting of future state occupancy, event risks, sojourn times, and other
clinically relevant outcomes, fully exploiting the subject’s observed biomarker trajec-
tory and event history. In Section 7, we demonstrate its application to forecasting
dependency trajectories in the PAQUID cohort.

6 Simulation Study

The purpose of this simulation study is to evaluate the finite-sample performance,
identifiability, and convergence properties of the proposed inference algorithm under
controlled conditions where the true parameters are known. We simulate data from
a three-state semi-Markov process coupled with a nonlinear longitudinal biomarker
trajectory, representing a simplified disease progression model. This setup allows us
to assess both statistical accuracy and computational scalability of the stochastic-
gradient estimation procedure.

All simulations, estimations, and figures reported in this section were produced
using the open-source jmstate Python package, available on PyPI, which we devel-
oped to implement the multi-state joint modeling framework and inference algorithms
described in Sections 3.2 and 4.

6.1 Model Specification

The simulated model involves three states—Healthy (0), Sick (1), and Terminal
(2)—connected by the transitions 0 — 1, 0 — 2, and 1 — 2 (Figure 3). This configu-
ration captures the typical monotone evolution of a disease process, with both direct
and indirect paths to the terminal state. Transition intensities follow an exponential
baseline hazard under a clock-reset convention.

The longitudinal process follows a continuous piecewise-affine regression:

h(t7 ¢) = 1/11 + ¢2t + 1t>‘l’('l/}3 - 1/)2)(t - T)7

with a known inflection time 7 = 6. The individual-specific parameters v; =
(1i1, P42, Wi3) arise from a nonlinear mixed-effects model with Gaussian random effects
b; ~ N(0,Q) and independent Gaussian noise ¢;; ~ N(0,R). The link function
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combines the current biomarker value and its slope,

g(t7XZ7wl) = (h(t71/)z)7 %(tﬂz}l))a

shared across transitions. Covariates X; are normally distributed and enter linearly
through Bk/““Xi.

Longitudinal data were collected at up to 20 random time points per subject and
censored at C; ~ U([10,15]). Censoring also truncates the biomarker trajectories.
The true parameter vector lies in R'6. Each simulated dataset comprised n = 1000
individuals, generating approximately balanced transition counts (Figure 4).

This trajectory mimics a biomarker whose evolution slows after treatment or onset
of symptoms, while preserving continuity at the change point.

Healthy (0) Terminal Stage (2)
Sick (1)

Fig. 3: State transition diagram of the simulated three-state model.

6.2 Estimator Convergence and Accuracy

Parameter estimation was performed using the stochastic-gradient inference procedure
of Section 4, with the Adam optimizer (learning rate 0.5, batch size K = 100) and
an adaptive stopping criterion based on the first and second moments of parameter
differences. Convergence was typically achieved in 400-500 iterations and required
around 12 seconds per run on an AMD Ryzen 5 processor.

Across npuns = 100 independent replications, the mean relative bias of all
parameters remained below 2%, and the root-mean-square error (RMSE) scaled
approximately as n~!/2. Parameters governing the biomarker trajectory (7,Q, R)
were consistently well identified, while association coefficients (ak/““, Bk,”“) exhibited
slightly higher variability for rare transitions. Representative convergence trajectories
are shown in Figure 10, and quantitative results are summarized in Table 5.

Furthermore, longitudinal measurements were taken at m; < 20 time points, and
censoring times were drawn from C; ~ U ([10,15]). Longitudinal observations were
also truncated at the censoring times.

A short summary of the longitudinal process as well as the trajectories is given by
the Figure 4 below.
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Longitudinal sample

°] From — To | # Observations
E 0—1 613
o7 0—2 375

12 592

Fig. 4: Simulated data: on the left, a sample of longitudinal measurements from
50 individuals; on the right, observed transitions between states for the complete
population of 1000 individuals.

6.3 Estimator Convergence

To illustrate the convergence of the estimator, we examine the optimization process
for a particular run with n = 1000 (see Figure 10), as well as RMSE values computed
from nyuns = 100 independent runs on different simulated datasets, all generated from
the same underlying distribution. The results of these simulations are shown in Table
5.

To fit the model, we first have to define initial parameters, which can be particularly
important for the optimization process if the model is not well-behaved. In the present
case, without prior knowledge of the true parameters, we zero the values and use the
identity matrix for both covariance matrices.

Formally:

im0

mi? = BmlY 4 (1= GO0 = 0UY, ) =

and the optimization process is terminated when

1P <1076 + 1071 /).

The Figure 10 shows the evolution of the parameters during the optimization
process, and Table 5 summarizes the accuracy of the inferred parameters.
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Parameter True value Mean Standard error RMSE

" 2.5000 2.4960 0.0370 0.0372
v -1.3000  -1.3039 0.0257 0.0260
3 0.2000 0.1936 0.0267 0.0275
Qs 0.2554 0.2243 0.0442 0.0540
Qs 0.8047  0.8009 0.0260 0.0263
Qs 0.6020 0.6001 0.0276 0.0277
R -0.2653  -0.2684 0.0083 0.0089
all® -0.5000  -0.49997 0.0486 0.0486
all -3.0000  -2.9962 0.0800 0.0801
o2l -1.0000  -0.9990 0.0847 0.0847
a2l -5.0000  -4.9897 0.1191 0.1196
a2l 0.0000 0.0011 0.0327 0.0327

21 -1.2000  -1.2045 0.0429 0.0432
pllo -1.3000  -1.3015 0.0501 0.0501
B2l -0.9000  -0.8982 0.0670 0.0670
321 -0.7000  -0.6981 0.0551 0.0551

Fig. 5: Comparison of true and estimated parameters (averaged over 100 runs).

The simulation confirms that the proposed inference method accurately recovers
all parameters of the multi-state joint model under realistic sample sizes. The opti-
mization demonstrates stable convergence (Figure 10), with minimal sensitivity to
initialization. The algorithm’s computational efficiency allows for extensive simulation
or cross-validation studies at negligible cost.

7 Application to the PAQUID Cohort

7.1 Introduction

The data used in this section originates from the PAQUID cohort [23], a large
prospective population-based study initiated in southwestern France in 1988, aimed
at understanding the determinants and trajectories of aging. A subsample of n = 500
individuals was followed over a period of up to 20 years [28], with repeated mea-
sures of cognitive and physical health, as well as socio-demographic characteristics. In
particular, global cognitive functioning was assessed through the Mini-Mental State
Examination (MMSE, see Figure 6), while physical dependency was evaluated using
the HIER scale, which classifies subjects into four ordered states (see Figure 7): 0 (no
dependency), 1 (mild dependency), 2 (moderate dependency), and 3 (severe depen-
dency). In this work, we focus on the association between cognitive decline and the
progression of physical dependency by jointly modeling the longitudinal trajectory of
MMSE scores and the transitions between the four HIER states using a joint multi-
state model. More specifically, the state of an individual i at a given time ¢ is defined
as the highest HIER dependency score between trial entry and ¢. This approach allows
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us to characterize the dynamic interrelationship between cognitive and physical aging
processes within a unified statistical framework.

Both time and longitudinal values were normalized in [—1,1]. This technique
ensured stable and fast convergence of the optimization process by keeping all
parameters on roughly the same scale.

Clustered MMSE longitudinal measurements
Age (years)
65 70 75 80 85 920 95 100

1.00 4 30
s From — To | # Observations
oo % 0—1 85
12 135
E 0.001 ,152 2—-3 86
E o5 0—2 44
s 0.25 10
=0.50 7 Individual measurements 1—-3 15
—— Low decrease rs
—0737 Moderate decrease 0—3 11
_1.00{ — Severe decrease Lo

-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
Normalized age

Fig. 6: On the left, each light gray line represents one of the 500 observed sequences
of (normalized) MMSE scores, and three functional clusters are also represented; on
the right, observed transitions between states.

Therefore, the chosen transition graph is as follows, and only allows monotonic
transitions from a lower level of physical dependency to a higher one.

State 1

M1ld dependency o )
State 0 Moderate dependency
No dependency , .

State 3

/)t Severe dependency

Fig. 7: Schematic representation of the four ordered HIER states, with possible
transitions. HIER quantifies physical dependency (0: no dependency to 3: severe depen-
dency) [28].

We consider an exponential baseline hazard model for transitions, with a clock
reset specification. The parameters of these exponential baseline hazards are jointly
optimized with the model parameters.

Moreover, we impose a particular substructure on the model, where V(k, k') €
E, Bk’lk = A.

In the light of Figure 6, the regression and link functions were taken to be scaled
and shifted hyperbolic tangent and its derivative respectively such that the normalized
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MMSE score always has a value of 1 when ¢t — —oo and is not increasing

At ) = g tanh (B21) + (1 - ),

g(t, ) = &h,
o(y +b1)
Y= |exp(ya+b) |, oz)= H%
V3 + b3

At last, an individual covariates correspond to a pair of binary variables indicating
wheter or not the individual has a diploma and is a male (L1cgp (i), Imale(i)) € {0, 1}

7.2 Results
7.2.1 Inference

Fitting was performed using 80% of the data, with the remaining 20% used for testing.
The model was fitted using the Adam optimizer. The optimization process was run
until convergence based on the same criterion as the simulation study with a tolerance
of 5%, which was obtained after a little less than 500 iterations with 10 parallel chains.

Before displaying the fitted parameters, the Fisher Information Matrix was com-
puted, implementing the method described in [4], directly taking into account shared
parameters. The standard errors were then computed as the square root of the diag-
onal of the inverse of the Fisher Information Matrix. The results are summarized in
Table 8.

Parameter Inferred value Std. error | Parameter Inferred value Std. error
" 2.1600 0.0470 | 0.1590 0.0140
Y3 1.0010 0.0030 | Q, -0.5700 0.0430
Q- 0.9570 0.0960 | Qs 0.3820 0.0430
Q4 -0.2050 0.1570 | Qs -2.3310 0.1380
Qs 0.5220 0.0470 | R 2.0830 0.0260
a3l 0.7220 0.7150 | atl® -0.5400 0.4030
a2l -1.0030 0.2000 | a0 -0.1210 0.0380
a2 -0.0480 0.2520 | o310 -0.3070 0.0740
B4 -0.2990 0.9130 | B9 0.0970 1.0300

Fig. 8: Inferred parameters and their estimated standard deviations. Bold values mean
p < 0.05.

Notably, the estimated standard errors are consistent with the number of observa-
tions per transition, with larger standard errors for transitions with fewer observations.
Therefore, parameters with too few observations should be interpreted with caution,
if at all. The linear covariate parameters also exhibit large standard errors, which
indicates the coefficients are not significative in this setting.
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The association parameters « being negative, we can infer that cognitive decline
(i.e. rate of change) is associated with an increase in physical dependency.

7.2.2 Dynamic Prediction

Using the niest = 100 individuals not included in the model fitting, we performed
dynamic prediction. For each individual, longitudinal measurements and trajectories
were truncated at various times ¢, and predictions were made for future time points
u > t beyond the truncation. Accuracy was then assessed by comparing the most
likely predicted state with the true state at each corresponding future time point w,
as illustrated in Figure 9.

Formally, the prediction function y;, is defined by Example 1, and the accuracy
measure at time ¢ for predicted states (s;); is defined as

1 Ntest

accuracy (u) = Lyonc, (Ti)=s:-
Ntest i=1

Although 7;* is unkown, the quantity xuac,(7;) may be computed based on the
censored trajectories. However, incorporating censoring times into prediction functions
relies on information that is, in principle, not available at prediction time. Nevertheless,
this inclusion is necessary to ensure fairness in accuracy metrics, since individuals who
are not censored are generally more likely to have progressed to more advanced states
of physical dependency than those who are censored.

Dynamic prediction accuracy
Age (years)
85

1of ‘ | ‘ : Here, the initial drops correspond to
the truncation times, before which the

accuracy is always 100%.

90 95 100

0.8

| — Trunc. age: 66
Trunc. age: 70

o
o

Accuracy

T e agei 7 —— | Asexpected from dynamic predictions,
4] — Tunc age: 78 ) .

T e ageio the accuracy increases as more data is

—— Trunc. age: 86
02 _ qunc. age: 90 available, therefore when the trunca-
g runc. age: 94

Trunc. age: 98 : 3 . . .
e o 02 tion time grows. We also observe that

0.0

100 -075 -050 -025 000 025 050 075 1.00 the longer the prediCtiOD hOI‘iZOIl, the
omelizes 2¢ lower the accuracy of the predictions.

Fig. 9: Accuracy of the predicted state at

each time point with respect to the true

state for different truncation times.

8 Conclusion

We presented a general likelihood-based framework for joint modeling of nonlinear
longitudinal biomarkers and multi-state survival processes. The model unifies both
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components on arbitrary directed graphs, extending classical joint models to accom-
modate Markov and semi-Markov structures, recurrent transitions, and nonlinear
mixed-effects submodels. This formulation provides a flexible and rigorous founda-
tion for linking longitudinal biomarker trajectories to complex event histories within
a single coherent probabilistic model.

Simulation studies confirmed robust parameter recovery, and an application to the
PAQUID cohort highlighted the ability to capture the interplay between cognitive
decline and physical dependency.

Since the model may potentially involve many transitions and therefore a large
number of parameters, a strategy of parameter sharing across transitions could help
reduce the overall number of parameters. This is especially beneficial in settings with
limited data for certain transitions, or when biological or clinical knowledge sug-
gests similar effects across multiple transitions. Parameter sharing improves statistical
efficiency, reduces overfitting, and facilitates model interpretability.

Future directions include a spline-based parametrization of baseline hazards to
allow for nonparametric estimation. This approach is particularly useful when the
true baseline hazard is expected to be complex or non-monotonic, or when parametric
forms (such as exponential or Weibull) may be too restrictive and lead to model
misspecification.

Another promising direction is the development of efficient visualization tools for
multi-state trajectories and dynamic predictions. Interactive representations of indi-
vidual event histories, transition probabilities, and longitudinal biomarker evolution
would greatly facilitate model interpretation and communication of results to applied
researchers.
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A Multi-State Simulation

In nonlinear joint models with known design and known parameters parameters 6 =
(7, @, R, a, 8), the occurrence times of events conditionally on the latent variables b;
and the covariates X; can be easily sampled using the inverse cumulative distribution
function transform method. This may be achieved through bisection or other root-
finding algorithms.

The simulation of the transition process 7;* conditionally on b;, X;, and (T, Sio)
can be achieved drawing on the semi-Markov property by considering one transition
at a time, according to Algorithm 2. The algorithme is similar to Gillespie’s algorithm
[17], and can also include a survival condition T;; > 3"V that uses the Chasles relation.
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Algorithm 2 Simulation of trajectory i

Input: subject-specific censoring time C; € RU{+00}; covariates X;; latent variables
b;; initial time-state pair (T50, S;0); optional survival condition T;; > 5™V, defaults
to Y = —o0.

1: Initialize ¢; < 1, T; + ((Ti0, Sio))-

B

while T}y, 1) < C; and {s : (S;,—1),5) € E} #0 do
for each s with (S;4,—1),s) € E do
4: Draw T}, such that
—log (T}, > 1) = fé(u—l)vti“” /\:‘Sl(h_l)(w | i, Xi, Tige, 1), ) dw,
vt > T%(lifl) vV u.
5: end for

w

Set Ty, < miny, T3, and S, — argmin,, T}, .
Append (T, Sie,) to T;.
by« €; + 1.

end while

© »® 3>

10: if Ty, —1) > C; then

11: Remove the last pair: 7; < T;[: —1].
12: end if

13: return 7;

The proof of the exactness of this algorithm is given below.
Proof First consider the case ¢V = —oco. Let t > Tyy,:
P(Tig;41) > t | Tie;» Sie;) = P( N Tiei+1) > t | Ties Sie,)
51 (Bie;—1),5)€E
[T P@es) >t T, Siey)s

s: (Sie;,8)EE

Sice, —
:exp(— Z A:‘ (imn (t | bi7Xi7Ti[i79))'
s:(Sie;,s)EE

Furthermore:
P(Sie;+1) | Tice+1) =t Tie;» Sie;)

Sice;+1) s
< p({Typ, 41y =13 N . ﬂ) ; {Tit0,41) =t} | Tiey, Sie,)
St Mi,s ek,
s£Si(e;+1)
Sice,+1)|Sics
:A.z(£1+1)| L5 (t ‘ O,XhTMi,bi)exp(— Z AS‘S £ (t | bi7Xi7Ti€i70))~

K3 K3
s:(Sie;,8)EE

Combining both, we retrieve the same joint density.
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If £ > —o0, one can also check that both densities are equal. Note that the condtioning
only affects the first transition, as the next time V¢; > 0, Tjp, > ;" = V{; > 0, Typ, V
t?ur\/ — Tléz .

O

B Expression of the Semi-Markov likelihood

Proof The proof is short and relies on the fact that, using the semi-Markov property 2

i—1
p ((Ti(z+1)»5i(4+1))zgmﬁ1 | anz',@) =I]» ((Ti(e+1)75¢(e+1)) | bi, Xi, (Tier, Sw)z/geﬁ) :
=0

-1
= H p ((Ti(f+l)7S’i(€+l)) | b’iaXiv (TM?S’i )30) .
{=0

On the other hand, the probability that no additional event is observed between Tj,y,,
and C; is 1 if the last state reached is absorbing, and otherwise

Si7n-
P(Ty(m,+1) > Ci | 0, X, (Tim,» Sim, ) bi) =exp | — Y A C | by X, Ti, ) |

K2
5: (Sim,;,8)EE

and so we recover the formula cited above with the convention that an empty sum is 0.
O
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C Stochastic optimization process

Stochastic optimization of the parameter gamma Stochastic optimization of the parameter Q Stochastic optimization of the parameter R
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Fig. 10: Evolution of the parameters during the optimization of the marginal log-
likelihood using stochastic gradient descent. The dotted lines correspond to the true
values.
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