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Abstract

Ambroise et al. (1996) have proposed a clustering algorithm that is well-suited for dealing with spatial data. This

algorithm, derived from the EM algorithm (Dempster et al., 1977), has been designed for penalized likelihood esti-

mation in situations with unobserved class labels. Some very satisfactory empirical results lead us to believe that this

algorithm converges (Ambroise et al., 1996). However, this convergence has not been proven theoretically. In this

paper, we present su�cient conditions and proof of the convergence. A practical application illustrates the use of this

algorithm. Ó 1998 Published by Elsevier Science B.V. All rights reserved.
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1. Introduction

Spatial clustering aims to ®nd classes composed
of objects which are both similar according to
some measure and geographically close. When
classical clustering algorithms (e.g., the EM algo-
rithm for Gaussian mixture estimation) are used
for partitioning spatial data, the resulting classes
will often be spatially very mixed.

In geology, sociology, image analysis, and in a
wide range of other ®elds, spatial clustering tech-
niques are widely used for ®nding homogeneous
zones. Satellite images are often segmented in or-
der to determine di�erent zones of interest (e.g.
forests, cities or rivers). In this particular case, the
objects are pixels described by a gray scale or color

intensity. Another example consists of statistics
describing the number of sick persons per geo-
graphic unity (e.g. town or country) which may be
used for delimiting di�erent zones of risk.

Several methods exist for taking spatial infor-
mation into account in a clustering process:
· Modifying existing clustering algorithms (Le-

gendre, 1987; Lebart, 1978; Openshaw, 1977).
This is done by specifying which objects are
neighbors and allowing an object to be assigned
to a class if and only if this class already con-
tains a geographical neighbor. This approach
has the drawback of producing classes which
are necessarily geographically connected. This
means that one class is bound to correspond
to a single spatial region.

· Integrating the spatial information in the
data set (Berry, 1966; Jain and Farrokhnia,
1991; Oliver and Webster, 1989). One example
consists of considering the geographical
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coordinates as new variables describing the
objects; another example is the ®ltering tech-
niques that extract new features from the origi-
nal variables which embody the spatial
information.

· Choose a model which encompasses the spatial
aspect of the data. Most of the time, this is
equivalent to de®ning a criterion that includes
spatial constraints. This approach comes main-
ly from image analysis where Markov random
®elds (Geman and Geman, 1984; Masson and
Pieczinsky, 1993) are intensively used.

In a recent paper, the authors have described a
clustering algorithm (Ambroise et al., 1996) related
to the last approach which is able to deal with
objects described by quantitative variables. The
spatial distribution of the objects may be regular
(e.g., pixels of a image), or irregular (e.g., towns of
a given district). The algorithm estimates the pa-
rameters of a Gaussian mixture and produces a
fuzzy partition made of classes which are spatially
homogeneous without being ``single spatial region
classes''.

This paper aims to present a proof of the con-
vergence of this algorithm for spatial clustering.
Section 2 introduces the Gaussian mixture model
and describes the Neighborhood EM algorithm
(NEM). Section 3 is dedicated to the convergence
proof. In Section 4, an illustrative example based
on image segmentation is presented.

2. Gaussian mixture and clustering

The probabilistic approach to clustering is
mainly based on Gaussian mixture models. In this
framework (Celeux and Govaert, 1995), the ob-
jects to be classi®ed are considered as a sample
x � �x1; . . . ; xN� of independent random vectors.
The vectors xi are drawn from a mixture of K
Gaussian distributions:

f �xijU� �
XK

k�1

pkfk�xijhk�; �1�

where the pk are the mixing proportions (for
k � 1; . . . ;K; 0 < pk < 1 and

P
k pk � 1) and

fk�xjhk� denotes the density of a Gaussian distri-

bution with parameter hk � �lk;Rk�, lk being the
mean vector and Rk the covariance matrix. U is
used to denote all the parameters of the mixture:
proportions, mean vectors, and covariance matri-
ces. This model also assumes that the unobserved
vector of labels, z � �z1; . . . ; zN �, is an i.i.d. sample
of the multinomial distribution:

P �Zi � k� � pk for 16 i6N ; 16 k6K:

This kind of model is helpful in a clustering
context. One could consider that the sample x is
composed of K sub-populations which are all
Gaussian distributed. If the parameter U of the
mixture is known, then it becomes possible to es-
timate the unknown labels which describe a par-
tition of the sample into K sub-populations.

2.1. The EM algorithm for Gaussian mixtures

The EM algorithm (Dempster et al., 1977) is
often used to estimate the unknown parameters of
the mixture. It produces a set of parameters that
locally maximizes the log-likelihood of the sample,
de®ned as

L�U� �
XN

i�1

log f �xijU�:

The principle of the EM algorithm consists of
building a sequence of estimates U0;U1; . . . ;Um;
over which the log-likelihood monotonically in-
creases (for all m, L�Um�1�P L�Um�). At each it-
eration, Um�1 is chosen so that it maximizes the
expectation of the likelihood of complete data
de®ned as

Q�UjUm� �D
X

z

P �zjx; Um� log P �x; z; U�

�
XN

i�1

XK

k�1

log�pkfk�xi��P �Zi � kjxi; U
m�:

Thus, starting from an arbitrary value U0, the
�m� 1�th iteration of the EM algorithm can be
divided in two steps:
· E-step (Expectation): computation of Q�UjUm�;
· M-step (Maximization): search for Um�1 �

arg maxU Q�UjUm�:
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2.2. Another interpretation of the EM algorithm

By introducing the variables

cik � pkfk�xijhk�
f �xijU� �2�

and using the relation
P

k cik � 1, the likelihood
L�U� may be written in the following way:

L�U� �
XN

i�1

XK

k�1

cik

 !
log f �xijU�

�
XN

i�1

XK

k�1

cik log
pkfk�xijhk�

cik

�
XN

i�1

XK

k�1

cik log pkfk�xijhk�

ÿ
XN

i�1

XK

k�1

cik log cik

� D�c;U�:
Following Hathaway (1986), this criterion D may
be considered as a fuzzy clustering criterion, since
the matrix c has all the required properties of a
fuzzy classi®cation matrix:

c � cik: 06 cik 6 1;
XK

k�1

cik � 1;
XN

i�1

cik > 0

(

�16 i6N ; 16 k6K�
)
:

From this point of view, it is possible to show that
the EM algorithm is a grouped coordinate ascent
algorithm which optimizes the criterion D�c;U� al-
ternatively over the two groups of variables c and U:
1. Initialization of the mixture parameters.
2. Iterate:
� E-step, computation of a new classi®cation

matrix cq�1:

cq�1 � arg max
c

D�c;Uq�:
� M-step, estimation of the mixture parame-

ters:

Uq�1 � arg max
U

D�cq�1;U�:
In Section 2.3, the idea of grouped coordinate
ascent will be extended for dealing with objects
which have spatial relationships.

2.3. An algorithm for fuzzy spatial clustering

In order to take the spatial dependence of ob-
jects into account, we suggest considering parti-
tions which are optimal according to a penalized
Hathaway criterion. The term of penalization
should favour homogeneous classes.

Spatial relationships may be summarized in
di�erent ways (e.g. graphs or functions). In the
following, to formalize the spatial structure of a
given data set we use a matrix V � �vij� de®ned by

vij �
1 if xi and xj are neighbors and i 6� j;

0 otherwise:

�
We propose the following term for regularizing the
Hathaway criterion:

G�c� � 1

2

XN

i�1

XN

j�1

XK

k�1

cikcjkvij; �3�

where K is the number of classes and cik the
probability that xi belongs to class k.

Let us denote by ci � �ci1 . . . ciK �T the vector
which describes the grade of membership of xi to
the di�erent classes. The penalizing term can be
rewritten as

G�c� �
X
i<j

vijc
T
i cj: �4�

This term will characterize the level of homogene-
ity of the partition. The more the classes contain
adjacent elements, the greater this term is. Let us
consider the simple case of a ``hard'' partition
(hard as opposed to fuzzy), where each object be-
longs to a single class (cik � 1 if xi belongs to class
k, and cik � 0 otherwise). In this context, if all the
objects belong to the same class, G will be maximal
(it will count the number of neighbors) and if each
object has neighbors which belong to di�erent
classes, then G�c� is equal to its minimum, that is 0.

The new criterion that we consider is the
weighted sum of two terms:

U�c;U� � D�c;U� � bG�c�; �5�
where b > 0 is a ®xed coe�cient.

We propose to use an algorithm having the
same structure as the EM algorithm in order to
optimize the criterion U�c;U�, that we call
Neighborhood EM algorithm (NEM):
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1. Initialization: a neighborhood matrix V is com-
puted according to the spatial relationship; ar-
bitrary initial values are chosen for the
parameters of the mixtures U0 as well as for
the classi®cation matrix c0.

2. At each iteration the following steps are per-
formed until convergence:
� Estimation of a new classi®cation matrix c

which maximizes U�c;Uq�:
cq�1 � arg max

c
U�c;Uq�: �6�

� Maximization of the criterion over the vector
of parameters U:

Uq�1 � arg max
U

U�cq�1;U�: �7�
Note that this step is identical to the M-step of the
EM algorithm since the penalization term does not
depend upon U.
When each step of the algorithm produces a
maximum and if U is limited it can easily be shown
that the sequence fcq;Uqg generated by the NEM
algorithm converges to a limit.

In Section 3, we detail the two steps of the
NEM algorithm and show that the suggested so-
lutions allow us to obtain a unique maximum for
each step.

3. Convergence of NEM

3.1. Estimation step

The method proposed in this section to perform
the E-step is inspired from the Hathaway (1986)
formulation of the EM algorithm and can be also
related to the work of Neal and Hinton (1993). We
suggest using the ®xed point method to ®nd the
classi®cation matrix c� which maximizes the cri-
terion U�c;Uq�.

The necessary optimality Kuhn±Tucker condi-
tions take the following form:

oU
ocik

����
c�c�
� log�pkfk�xijhk�� ÿ 1ÿ log c�ik

� ki � b
XN

j�1

c�jkvij � 0 8i; k;

XK

k�1

c�ik � 1 8i;

where U is the Lagrangian of U�c;U� that takes
into account the constraints on c and ki are the
Lagrangian coe�cients. These conditions may be
written as the N � K � N equations:

c�ik � exp log�pkfk�xijhk��
(

ÿ1� ki � b
XN

j�1

c�jkvij

)
8i; k;

XK

k�1

exp log�pkfk�xijhk��
(

ÿ1� ki � b
XN

j�1

c�jkvij

)
� 1 8i:

Finally, eliminating the ki's we get the N � K
equations:

c�ik �
pkfk�xijhk�expfbPN

j�1 c�jkvijgPK
l�1 plfl�xijhl�expfbPN

j�1 c�jlvijg
8i; k;

�8�
which can be written in the following closed form:

c� � F �c��:
In order to solve this system the ®xed point
method can be used: starting from an initial clas-
si®cation matrix cq, a new matrix cm�1 � F �cm� is
computed at each step from the preceding matrix
cm. If the operator F is contracting, the sequence
generated by the method e�ectively converges to a
®xed point.

Theorem 1. If b < 1=Vmax where Vmax � maxi
P

j vij

is the maximum number of neighbors of an object,
then the sequence fcmg generated by cm�1 � F �cm�
converges to a unique ®xed point c� such that

c� � arg max
c

U�c;U�

subject to the constraint that c is a classi®cation
matrix.
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Proof. The proof adopts the following notations:
· UU�c� is the function U�c;U� for a ®xed value of

U.
· c denotes the classi®cation matrix expressed as a

vector. It is a column vector composed of
N � K elements:

c � �c11; c12; . . . ; c1K ; c21; . . . ; cNK�T:
Each element has two indices and cik denotes the
i� kth element of the vector c.
· F is a function from �0; 1�N�K to �0; 1�N�K :

F �c� � �f11�c�; f12�c�; . . . ; f1K�c�; f21�c�; . . . ; fNK�c��T:
Let us show that UU�c� is strictly concave. The
function UU is continuous with respect to c and its
Hessian matrix H�c� is de®ned for any
c 2 �0; 1�N�K

:

o2UU

ocikocjl
�

ÿ1=cik if k � l and i � j;

b if k � l and vij � 1;

0 otherwise:

8><>:
The Hessian matrix is a symmetric matrix whose
diagonal terms are ÿ1=cik, and whose other terms
are sometimes 0, sometimes b. From the ``Ger-
schg�orin±Hadamard Theorem'' (Kreyszig, 1962,
p. 821), we can state that for each eigenvalue k
of H�c�, we have

jkÿ Hik;ikj6
X

�j;l�6��i;k�
jHik;jlj

for some i; k. Using the de®nition of H and the
relation b < 1=Vmax, we obtain

k� 1

cik

���� ���� < 1

and hence, as cik 2 �0; 1�,
k < 0:

This proves that the Hessian matrix is strictly
negative de®nite. It follows that the function UU�c�
is strictly concave.

Each linear equality constraint
PK

k�1 c�ik � 1 on
c can be replaced by two convex inequality con-
straints:XK

k�1

c�ik P 1;
XK

k�1

c�ik 6 1:

The problem

max UU�c�
c is a classification matrix

is equivalent to

min ÿUU�c�
c is a classification matrix;

which is a convex program, since ÿUU�c� and the
constraints are convex. It follows that the required
Kuhn±Tucker conditions are satis®ed and that c�

is a global maximum for the problem (Minoux,
1983, Theorem 6, p. 188).

Let us show that the sequence fcmg generated
by cm�1 � F �cm� e�ectively converges to c�.

The partial derivatives of F exist and are con-
tinuous. From the ®xed point theorem, it follows
that the sequence converges if there exists a norm
k � k of the Jacobian matrix of F , denoted F 0,
which is strictly less than 1. Consider F 0�cm�, the
Jacobian matrix of F computed at cm:

F 0�cm� �

of11

ocm
11

of11

ocm
12

� � � of11

ocm
NK

of12

ocm
11

of12

ocm
12

� � � of12

ocm
NK

..

. ..
. � � � ..

.

ofNK
ocm

11

ofNK
ocm

12

� � � ofNK
ocm

NK

2666666664

3777777775
:

It is possible to show that this Jacobian matrix can
be expressed as

ofik

ocm
jl

�

0 if k � l and i � j;

bcm�1
ik ÿ b�cm�1

ik �2 if k � l and vij � 1;

ÿbcm�1
ik cm�1

jl if k 6� l and vij � 1;

0 otherwise:

8>>><>>>:
Let us compute the sum of all the absolute values
of any row of the matrix F 0�cm�:X

jl

ofik

ocm
jl

�����
����� �XN

j�1

vijjbcm�1
ik �1ÿ cm�1

ik �j

�
XN

j�1

X
l 6�k

vijjbcm�1
ik cm�1

jl j

< Vmaxbcm�1
ik �1ÿ cm�1

ik � 1�
< Vmaxbcm�1

ik �2ÿ cm�1
ik �:
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If 0 < b < 1=Vmax, then the value taken by the
polynomial Vmaxbcm�1

ik �2ÿ cm�1
ik � is less than 1, for

all possible cm�1
ik . It follows that

kF 0�cm�k1 � max
ik

X
jl

ofik

ocm
jl

�����
����� < 1

and hence the sequence fcmg converges to c� if
0 < b < 1=Vmax. �

From a practical point of view, the E-step re-
quires only a few ®xed point iterations to compute
a reasonable classi®cation matrix. The obtained
classi®cation matrix c� is then used for the next
M-step of the �q� 1�th NEM iteration.

3.2. Maximization step

This step is identical to the M-step of the EM
algorithm for Gaussian ®nite mixture. It maxi-
mizes the criterion D�c;U� with respect to the pa-
rameter vector U. The necessary optimality
conditions lead to the following estimates:

l
q�1
k �

PN
i�1 cq�1

ik xi

nq�1
k

; �9�

R
q�1
k � 1

nq�1
k

XK

k�1

XN

i�1

cq�1
ik �xi ÿ l

q�1
k ��xi ÿ l

q�1
k �T;

�10�

pq�1
k � nq�1

k

N
; �11�

where nq�1
k �PN

i�1 cq�1
ik :

Note that U� may be a singular solution (Duda
and Hart, 1973) (if at least one covariance matrix
Rk is negative de®nite).

4. An application to biological images

Let us illustrate the usefulness of the NEM
algorithm 1 with an application to image segmen-
tation.

Let us consider the following biological exper-
iment: a sample of living cells is laid on a nutritive
substance. After a few days new living cells appear
and form a thin but visible layer around the
original sample. Biologists are interested in deter-
mining the surface of the new layer.

We have a collection of 512 ´ 512 pixel images 2

of such experimental results and present here the
analysis of a representative image (Fig. 1).

We aim to distinguish three di�erent kinds of
patterns in order to determine automatically the
size of the area covered by the new cells. A ``good''
segmentation from the biologist's point of view
should separate the image in three di�erent areas
representing:
· the original sample (center of the image);
· the nutritive substance (background of the im-

age);
· the new cells.
We have tested the NEM algorithm with di�erent
values of the penalizing coe�cient b. We have
considered a very simple neighborhood structure

1 C code of the NEM algorithm may be found by pointing

your World Wide Web browser at http://www.hds.utc.fr/

ambroise/Christophe.html.

2 We are indebted to Eugenio Grapa, from the Universit�e de

Technologie de Compi�egne, Laboratoire de Biologie Cellulaire

Exp�erimentale, for the biological pictures.

Fig. 1. Image of size 512 � 512 from a cell culture.
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where each pixel has four neighbors, one below,
one above, one on the left and one on the right.
From Theorem 1 it theoretically follows that this
neighborhood structure forces the use of b < 0:25:
As the proof of the theorem uses some approxi-
mations, the practical value of b may be higher
and the NEM algorithm will still converge. Thus
we have tested the algorithm with 6 di�erent values
between 0 and 2. Notice that when this parameter
is 0, the NEM algorithm is equivalent to the EM
algorithm for Gaussian mixture.

In these experiments, the algorithms were ini-
tialized starting with 20 di�erent random classi®-
cation matrices. The segmentation which produces
the greatest value of the criterion has been selec-
ted.

On the original image (Fig. 1), the human vi-
sion distinguishes clearly the three classes. In fact,
each class is far from having a uniform gray level:
some pixels representing the new cells have exactly
the same color as the nutritive substance pixels.
While the human eye automatically makes the
necessary adjustments, the unsupervised segmen-
tation of this kind of image is more di�cult than
one would think initially.

Fig. 2 shows the result of the obtained seg-
mentation for di�erent values of b. This result
raises the following remarks.
· The EM (NEM with b set to zero) algorithm

isolates the nutritive substance, but tends to
empty the class corresponding to the original
sample.

· When b � 0:5 or b � 1, the result is very satis-
factory and allows the automatic computation
of the surface covered by the new cells.

· If we try to run NEM with greater parameter
values, the spatial information becomes prepon-
derant and the segmentation does not make a
lot of sense. Moreover we have observed that
the algorithm did not converge after 100 itera-
tions. Note that this last observation agrees
with the su�cient conditions for convergence.

The preceding example showed the practical e�-
ciency of the proposed algorithm on this particular
problem. We tested the NEM algorithm on other
segmentation tasks and got consistently good re-
sults once the b parameter was satisfactorily tuned
(Ambroise, 1996).

5. Concluding remarks

The choice of the penalizing coe�cient b re-
mains the main di�culty in applying the NEM
algorithm. In the preceding example we have used
our experience to determine the ``optimal'' b co-
e�cient. When such a procedure is not possible, it
would be useful to have an automatic estimation
of this parameter. This subject still needs further
research.

A particularity of the NEM algorithm consists
of providing a fuzzy partition of the data. This
may be interesting in some applications where re-
gion of doubt should be identi®ed. It should be
interesting to compare our approach with other
fuzzy segmentation algorithms such as the one
proposed by Caillol et al. (1993).

Compared to segmentation algorithms which
require Monte Carlo simulations, like Gibbsian
EM (Chalmond, 1989), the approach proposed in
this paper is deterministic and converges quickly.
We have observed empirically that less than 100
NEM iterations are often enough to converge
(approximately 5 min on a Sparc Ultra 1).

This algorithm allows us to deal with irregularly
distributed spatial data. In that case the compu-
tation of a neighborhood graph is the ®rst step of
the clustering procedure. This may be done using a
Delaunay triangulation for example.

If the class label of some objects is known, the
NEM algorithm can take this information into
account. Knowing some labels allows us to deter-
mine some terms of the classi®cation matrix and
during the E-step, only the unknown terms of the
classi®cation matrix c are computed. This ap-
proach may o�er an alternative between super-
vised and unsupervised learning. It is particularly
advantageous when the number of marked objects
(pixel whose label is known) is small compared to
the number of pixels to be classi®ed:
· In supervised learning the parameter vector U is

estimated using a training image (or training set
in a more general setting) composed of pixels
whose label is known. The other pixels are clas-
si®ed using the estimated values of the parame-
ters. If the size of the learning set is small the
estimation of the parameters may be uncertain
and the resulting classi®cation quite poor.
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· In unsupervised learning (clustering) there is no
learning set and pixels are classi®ed according
to some criterion that scales the quality of
the partition. All additional information pro-
vided by the labeled pixels is not used and
hence lost.

In summary, the clustering algorithm proposed in
this paper o�ers a new alternative for spatial
clustering. It has been proven that the algorithm
locally optimizes a criterion. Further research
should thoroughly compare this approach to other
spatial clustering approaches.
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